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Large eddy simulation (2D) using diffusion—velocity method
and vortex-in-cell
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SUMMARY

A large eddy Simulation based on the diffusion-velocity method and the discrete vortex method is
presented. The vorticity-based and eddy viscosity type subgrid scale model simulating the enstrophy
transfer between the large and small scale appears as a convective term in the diffusion-velocity formu-
lation. The methodology has been tested on a spatially growing mixing layer using the two-dimensional
vortex-in-cell method and the Smagorinsky subgrid scale model. The effects on the vorticity contours,
momemtum thickness, mean streamwise velocity profiles, root-mean-square velocity and vorticity fluc-
tuations and negative cross-stream correlation are discussed. Comparison is made with experiment and
numerical work where diffusion is simulated using random walk. Copyright © 2004 John Wiley &
Sons, Ltd.

KEY WORDS: large eddy simulation; diffusion-velocity method; Smagorinsky subgrid scale model;
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1. INTRODUCTION

In recent works, the vortex method in a purely Lagrangian frame (particle representation)
has been developed in the context of large eddy simulation (LES) using the eddy viscosity
subgrid scale (SGS) model [1]. Both the Smagorinsky and dynamic eddy viscosity models
were implemented and the constants were obtained specifically for the vorticity equation.
In the particle representation, the eddy viscosity model was implemented by modifying the
strength of the particles using the integral approximation for the solution of the diffusion
equation [2], also denoted as the particle strength exchange (PSE). In other development,
Milane and Nourazar [3] and Milane and Nourazar [4] used the core-spreading technique
to simulate the diffusion equation in the context of a LES where the eddy viscosity SGS
vorticity model [5] and the SGS turbulent kinetic energy model [6] were tested, respectively.
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The core-spreading technique is valid in the limit of vanishing viscosity [7,8]. Cottet [9]
presented subgrid scale model based on a rigorous analysis of truncation error of the filtered
vorticity equation. The author developed a scheme based on the PSE method for small scale
contribution. The method was tested by removing all the backscatter produced by the flow
strain.

The diffusion-velocity method is an alternative way for simulating the diffusion equa-
tion [10—14] and can be extended to an eddy viscosity based LES formulation. Originally,
Ogami and Akamatsu [10] introduced the method as an alternative to the random walk so-
lution of the diffusion equation in order the extend the solution to Reynolds number values
below the lower limit of applicability of the random walk. The authors [10] argued that the
diffusion-velocities being proportional to the negative of vorticity gradient and the kinematic
viscosity yield a net flow of vorticity with a positive flux from a region of higher vorticity
to a region of lower vorticity, consistent with the physics of diffusion. Recently, Beaudoin
et al. [14], using the diffusion-velocity method as an alternative to PSE method, concluded
that for anisotropic diffusion problems it is by far easier to derive than that of the PSE method.

The methodology that extends the diffusion-velocity method to a LES using an eddy vis-
cosity SGS model and solves the vorticity equation using the vortex method has not yet been
developed and tested. Therefore the objective of this study is to develop this methodology
and to show that it can simulate the dissipative effect of a SGS model. In the context of
a LES based on an eddy viscosity SGS model and on the vortex method, the importance
and advantage of the diffusion-velocity method stems from the fact that the filtered vortic-
ity equation has fewer types of terms in comparison with the alternative where the terms
with the eddy viscosity are expanded as will be shown in Section 2.2.1. In vortex methods,
the diffusion-velocity method [10—13] has so far been used in two-dimensional calculations.
The encouraging previous results have motivated the present investigation which extends the
diffusion-velocity method to a LES based on eddy viscosity SGS models. The success of the
present study will warrant developing further the method to three-dimensional LES and DNS.

The feasibility of the method will be illustrated using the two-dimensional mixed Lagran-
gian-Eulerian vortex-in-cell (VIC) method applied to a spatially growing mixing layer and
using the Smagorinsky SGS model. The two-dimensional mixing layer is selected because
the trend in the flow characteristics, i.e. the vorticity contours, momemtum thickness, mean
streamwise velocity profiles, root-mean-square velocity and vorticity fluctuations and negative
cross-stream correlation have been previously obtained using the vortex method without SGS
modelling [15—17]. Therefore these trends can be used as a base to compare the present results.
Also the simulation of the 2D mixing layer using vortex method based on the diffusion-velocity
method without SGS modelling has not yet been reported. Furthermore the VIC method is used
because it combines the best features of Lagrangian and Eulerian methods, i.e. the numerical
dissipation is reduced relative to the purely Eulerian method [18-21] and the computational
time is reduced relative to the Lagrangian method. In the VIC method, Eulerian scheme is
used to calculate the velocity field and a Lagrangian scheme to track the vortices. The vortices
that represent fluid particles with concentrated vorticity (vortex points or blobs) are tagged and
traced in time. As time proceeds, the change of vorticity distribution within a blob is governed
by the vorticity transport equation. The justification for this method stems from the fact that,
in turbulent flows, vorticity is often very large in thin threadlike fluid, while the remaining
fluid is virtually without vorticity. Therefore, the vorticity can be lumped into concentrated
vortex blobs around which the fluid spins. The computational results will be compared with
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LARGE EDDY SIMULATION 839

experimental results of Masutani and Bowman [22] because the two-dimensionality of the
flow was carefully maintained and verified.

2. GOVERNING EQUATIONS

2.1. Vorticity equation

The continuity and vorticity transport equations for an incompressible and viscous fluid flow
are, respectively,

au,- -

o, =0 (1)
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where w; represents the component of the vorticity vector w, u; and u; represent the compo-
nents of the velocity vector u, and v is the kinematic viscosity. The left-hand side of Equation
(2) includes the rate of change of vorticity in time and due to convection, respectively. The
first term on the right-hand side is the vortex stretching term, and the second term on the
right-hand side is the viscous diffusion.

For a 2D flow parallel to (x,y)-plane, the velocity vector is u=u(x, y,¢), the vorticity
vector (m,) reduces to one component in the z-direction perpendicular to the (x, y)-plane, and
the stretching term vanishes. Therefore Equation (2) reduces to

2
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A different form of vorticity equation can be written if the continuity (Equation (1)) is

combined with the vorticity equation (Equation (3)) assuming constant viscosity as

0w, 0 v dw, _
e o 4)

Equation (4) is similar to the equation used by Ogami and Akamatsu [10] in the development
of the diffusion-velocity method.

2.2. Filtered vorticity equation

For any time- and space-dependent variable ¢(x, y,?), the spatial filtered value ¢ is

oy t) = / / SEOGE — Ly — n)dldn 5)

where G(x, y) is the spatial filter shape. For a two-dimensional flow, the velocity and vorticity
fields are decomposed in the filtered field (overline), and the subgrid-scale field
(superscript) as

0, =0(x,y;1);  o,=0)(x,y;1); 0. =d:(x, y;t) + @L(x, y;t)

u=u(x, y;t)+u'(x, y;t); v=0(x, y;t)+0'(x,y;1); w=w(x, ;1)
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In the above decompositions, W = @, = @, =0 are needed for the 2-D formulation. The zero
value for the filtered spanwise velocity, i.e. w=0, together with the zero value for the span-
wise derivative of filtered quantities, i.e. d(7)/0z=0, are needed in the calculations of the
modulus of the strain rate {Equation (16) in Section 2.2.2}. The zero values for &, =d, =0
is a direct consequence of w=0 and 0(7)/0z=0 in the definition of vorticity. In the two-
dimensional calculations, it means that the initial spanwise vorticity (@) in the whole domain
remains in the spanwise direction throughout the simulation, therefore @, = @, =0 throughout
the simulation. The filtered vorticity components @&, and @, appears in the model for the
divergence of the SGS vorticity stress, i.e. Equation (13) in Section 2.2.1.

The filtered continuity equation obtained using Equation (1) and the filtered transport equa-
tion for the spanwise component @, obtained using Equation (3) are (see for example Refer-
ence [1]), respectively,

o 0F
Ty (6)
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where the divergence of the SGS vorticity stress Y and Z responsible for the transfer of
enstrophy between large and small scales are expressed as

oYy 0

W = > (uw; — uw, — waoy)
and
0oZ 0 .
@—@(Uwz—vwz—wwy) (8)

Another form for Equation (7) is obtained using the continuity [Equation (6)], rearranging
the SGS and molecular diffusion terms as
00: | o{i + (¥/@:) — (v/@:)(00:/0x)}d: b+ (Z/6:) — (v/:)(06:/0y)} &
ot Ox 0y

=0 9

In Equation (9), the SGS and the molecular diffusion terms are treated as convective terms.
This is similar to the procedure followed by Ogami and Akamatsu [10] in the development
of the diffusion-velocity method (see Equation (4) also).

Another equation used in the VIC method is derived using the definition of vorticity vector,

, 00

=5 "y (10)

Since the divergence of the velocity is zero because of the continuity equation [Equation (6)],
therefore the components of the velocity u can be expressed as the gradients of a scalar, i.e.
gradients of the streamfunction ,

=", §=-——" (11)
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LARGE EDDY SIMULATION 841

Combining Equations (10) and (11), Poisson’s equation is obtained as
Vi =—d. (12)

The solution of Poisson’s equation is given by the Green’s function or the Biot—Savart [23].
It is equivalent to the solution obtained by u = (i, 7) in the convective part of Equation (9).

2.2.1. Formulation with eddy viscosity based SGS Model. The two groups of terms Y and
Z in Equation (7), describing the contribution of the small scales are the SGS vorticity stress.
Their net effect is to transfer enstrophy from the large-scale to the small scale. By analogy
with the SGS Reynolds stress in the filtered momentum, the SGS vorticity stress is modelled
using the eddy viscosity concept in such a way that its divergence appearing in Equation (7)
is expressed as [1]

LY oz o eo) @ f 0w\ 0 0o
ox dy ox |V oox oy | 7oy oz " oz
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In two-dimensional calculations the last four terms in Equation (13) are nil. Therefore, Equa-
tion (13) implies that for an anisotropic flow, —Y =v7,0./0x and —Z = v1,0(./0y where vy
and v, are eddy viscosities in x- and y-directions, respectively. Substituting for ¥ and Z in
Equation (9) and rearranging

0,  0{u— (v+vp)/@. 00, /0x}éd, {0 — (v+ vry)/ @ 0. /0y}d.
+ +
ot Ox Jy

=0 (14)
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The terms (ud = —(‘Z—‘” ) that are added to the convective velocity are the

components of the diffusion-velocity governed by both molecular diffusion and eddy viscosity
from SGS model. It is noted that the non-linearity of the diffusion term in LES is a conse-
quence of the eddy viscosity in the SGS model which is related to the flow field rather than
the diffusion-velocity method itself. In DNS application, the diffusion-velocity method yields
a linear diffusion term.

As an alternative to Equation (14) which will result in a diffusion term that could be treated
using the PSE scheme or other schemes, the two terms with SGS eddy viscosity on the LHS
of Equation (14) can be expanded as

a{_(v + vTx)/a-)z(a(Dz/ax)}a-)z + 6{_(‘) + va )/(Dz(a(DZ/ay)}d)z

Ox dy
0%, P,  Ovry 0,  Ovry 00,
——(U+UTx)W—(U+UTy)Ty2—EE—WW (15)

The first two terms on the RHS corresponding to the second-order derivatives of vorticity
could be solved using either one of the three methods, i.e. the PSE scheme or the core
spreading technique or the random walk method. The performance of these methods in LES
is left to future studies, keeping in mind that the core spreading technique is limited to
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842 R. E. MILANE

cases of vanishing viscosity [7, 8] and the random walk is limited to high Reynolds number
flows [24]. Furthermore in the context of LES based on eddy viscosity SGS models and
the vortex method, Equation (15) suggests that the diffusion-velocity method is advantageous
because one type of terms on the LHS has to be solved rather than two types of terms on
RHS, i.e. terms with second-order derivatives of vorticity and terms with product of first-order
derivatives of eddy viscosity and vorticity.

2.2.2. Smagorinsky SGS model. The constant in SGS model is function of the type of gov-
erning equations (vorticity or momemtum) and of the SGS model used. A few works using the
vorticity equation are available. Mansfield ez al. [1] obtained the constant in the Smagorinsky
SGS model by balancing enstrophy production and dissipation for homogeneous and isotropic
flow. Therefore it has been adopted in this study. Furthermore the Smagorinsky SGS model
has been extended to anisotropic flow [25,26] as

vre = CHAY P AN (288;) 2
and
Vry = Cf(Az» )2/9Ai/3(2Si/Sii)l/2 (16)

where S|=(25;S;;)"/? is the modulus of the strain rate and the constant C,=0.12. Equa-
tion (16) is an extension of Smagorinsky model developed for isotropic flow to anisotropic
flow by simply using different filter sizes A, and A,, in x- and y-directions, respectively,
A=(A,A,)"2. The filter sizes are a multiple (>1) of grid sizes. The Smagorinsky subgrid
model was used even though it is too dissipative (see for example Reference [27]) because
the objective of this study is to show that the diffusion-velocity method can simulate the
dissipative effect of a SGS model. If so, it is expected that any other eddy viscosity based
SGS model (non-dynamic and dynamic) would behave qualitatively in the same fashion.

3. VORTEX-IN-CELL

The vorticity field is discretized into a set of vortex particles. The motion of the vortex
particles is governed by the vorticity transport equation [Equation (14)]. The discretization of
the field into vortex particles will be discussed in Section 3.1. In the vortex-in-cell method,
the vorticity is transferred from the vortex particles to the nodes of a two-dimensional grid,
using an interpolation technique. This step will be discussed in Section 3.2. The motion of
the vortex particles is traced by splitting the vorticity transport equation into substeps. In the
first substep, the convection of the interacting vortex particles is obtained by first calculating
the components of the velocity u=(u,v) at the nodes by solving the Poisson’s equation
[Equation (12)]. Then the components of the diffusion-velocities are calculated at the nodes
as (—(v+ vr)/@,(0®,/0x), —(v + vr)/®,(0,/0y)). The velocity components u= (u,v) at the
nodes and the diffusion-velocities are transferred to the location of each vortex particle, using
an interpolation technique. Then the vortex particles are convected using the equation of
motion of a material point using a two-step viscous splitting algorithm. This step will be
discussed in Section 3.3. No additional substep is needed for the velocity-diffusion method.
However a second substep has been considered in this study in simulating the molecular
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LARGE EDDY SIMULATION 843

diffusion term without SGS model using random walk. In this case the diffusion-velocity
term is replaced by the random walk. A comparison between the two methods is made in
Section 6.3. Also a regridding procedure used to improve the accuracy of the calculations
by inserting or removing vortex particles whenever the distance between two neighbouring
vortex blobs is outside a range specified by a criteria was implemented [28]. The procedure
was tested on runs without SGS model. The effect on the mixing layer flow characteristics
were small probably because the number of vortex particles used was high. Therefore the
regridding procedure was not used in the runs presented in this study in order to reduce the
computational time.

3.1. Vortex particles

In vortex methods, the vorticity field is discretized into N, point vortices, each with circulation
I}, and the vorticity field is given as

a)(x):gp:I’,-é(x—x[) (17)
=1

where o(x) is the Dirac delta function, x represents the co-ordinates at which vorticity is
calculated and x; is the co-ordinates position of the vortex points. The point vortices are
vortex blobs rather than vortex points because the Biot—Savard law, i.e. the Green’s function,
has a singularity at the origin. It creates large velocities in its neighbourhood, which causes
numerical as well as theoretical instabilities. To remove this difficulty, finite core size vortices
or blob vortices may be used instead of point vortices [24]. Thus inside the core, velocity is
smooth and is finite at the centre of the core. Although this trick creates some errors, it is
very effective in removing the singularities from the flow field. By using this technique the
velocity field induced by each vortex is quantitatively correct, only away from the centre of
the vortices. In the vortex blob approach, the particles have a core radius ¢ (in VIC ¢ is
equal the grid size), a volume ov; and a vorticity vector of magnitude w; smoothened within
the volume Jv;. For a given vortex particle, the circulation I; is identical to the product of the
vorticity and the volume of the vortex particle, w;ov;, which also represents the contribution
of the vortex particle to the vorticity field. Therefore each vortex particles, is completely
characterized by (x,I;) and the vorticity field is given as

N
w(x) = Til(x — x;) (18)
i=1
where the smoothing function {,(x — x;) is expressed as
1 X —X;
o —Xi)=— — : 19
ot )= () (19)
with [ {(x)dx=1. For the present 2D formulation, the vorticity field is given as
1 M X=X Y=V
o= 20 (25H) (222 (20)

where [(x — x;)/0,(y — ¥;)/0] are the co-ordinates distance in units of core size.
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3.2. Interpolation scheme

The smoothing functions used are the area-weighing scheme [29],

=00 =D, Inl<1 (21a)

and the M, scheme, a higher order scheme [8§],

5.0,.3,53
1—§|’7| +§|’7|, Inl<1

=Y Z@ b, 1<il<2 (&0

0, In|>2

Results obtained from the two schemes will be compared in Section 6.2. The interpolation
scheme [Equations (20) and (21a—b)] is used to transfer the vorticity from the vortex blobs
to the nodes of the grid. A vortex blob contributes to the nearest 4 nodes and 16 nodes for
the area-weighing scheme and the M, scheme, respectively. The total vorticity at each node
is obtained by summing the vorticity contributions of all the vortex particles which are within
one grid or two grids from that node for the area-weighing scheme and the M, scheme,
respectively. Also since there are at least one vortex blob per grid, therefore the vortex blobs
will always overlap. The position vector of the vortex blob centre is determined by (x;, y;)
and is discussed in the next section.

3.3. First substep

The Poisson’s equation, (Equation (12)), is solved in order to obtain the velocity components
at each node, using the successive-over-relaxation method with central difference approxi-
mation for the derivatives [15], also called the extrapolated Liebmann’s method. Once the
components of the velocity at the nodes u, = (u,,v,) are calculated, the components of the
velocity u; = (u;,v;) acting on the centre of the vortex blob, is calculated using the interpolation
technique as

w=Sut(S52 ) (252) (222)

[

p,:;ung(x" ;x> c(y“ - y”) (22b)

[

where n is representative of the nearest 4 nodes or 16 nodes surrounding the vortex blob in
the area-weighing scheme or the M, scheme, respectively. The position vector of the vortex
blob centre y =(x;, );) is calculated by integrating the equation of motion of a material point

dy/dt =u(y(x, y,z,1)) (23)
using the improved Euler’s method where the predictor is
1t + At)=y(t) + uAt (24a)
and the corrector is
1+ A =y5(t)+ (u+u")Ay2 (24b)
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LARGE EDDY SIMULATION 845

At is the time-step and the velocity u=wu;. To implement Equations (24a) and (24b), the
calculations are carried out in two steps within each time step. In the first step, the algorithm
is executed using the predictor, Equation (24a). At the end of this step, the values are denoted
by the superscript (*). Then, the algorithm is repeated using the corrector, Equation (24b).
Two values of each variables are stored at each time-step, i.e. the old value at time ¢ and the
predicted value denoted by (*). At the end of the calculations, the old value is replaced by
an updated value at time ¢ + At.

After completing the above operation, the components of the diffusion-velocities are calcu-
lated at the nodes, (ug; = —(v+vr7)/®.00,/0x,v4; = —(v+v71)/©D.00,/0y), and transferred to the
centre of the vortex blob using Equations (22a) and (22b) and the position vector of the vor-
tex blob is calculated using Equations (24a) and (24b) in which u=uy;. The diffusion-velocity
could be unreasonably high in regions of small vorticity and non-zero vorticity gradient be-
cause it is inversely proportional to the vorticity. This problem is remedied by setting the
components of the diffusion-velocity to zero whenever the vorticity at the nodes is less than
0.1% of the vorticity associated with vortex particle.

Here it is noted that the solution of the Poisson’s equations together with the Lagrangian
movement of the vortex particles is equivalent to the solution of the convective term u = (iz, V)
in Equation (14).

3.4. Second substep: random walk

For the case without SGS model, the diffusion term in Equation (7) is
. >, 4 *®,
ox? 0y?
This term can be simulated using random walk for high Reynolds number [24]. This is handled
by superimposing on the motion due to the convection of the vortices from the first substep

(without the contribution of the diffusion-velocity), the random walk using first the predictor
Equation (24a) as

1+ At)=y(1) + ult +m (25a)
then the corrector (Equation (24b)) as
w(+ A= y(t) + (u+u")At/2 +n, (25b)

where u=u;,7; and 5, are obtained from a Gaussian distribution with zero mean and standard
deviation (2vAr)'2.

4. BOUNDARY AND INITIAL CONDITIONS

The computational domain in Figure 1 consists of a rectangular grid with uniform grid size
in each direction and in general (J, # 0, ). The lower left corner of the grid is located at x =1
and y=1. The boundary conditions for LES are the same as for the unfiltered case because
they are assumed to be governed by the large scale. The Neumann conditions apply to the
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Splitter plate
Inflow velocity profile (1,N) Slip wall boundary >I5x Outflow velocity profile
Un ¢
oy
> Ny N VR 2 ) —>
j ¢ AR IRIAE AR —
Point /

vortices

UL y
(1,1) x Slip wall boundary (M, 1)
(0,0)

Figure 1. Computational domain, rectangular grid, initial position of the vortices,
and boundary conditions.

inflow and outflow boundaries with y =0 at y=0. The inflow and outflow streamfunction
profiles correspond to profiles of velocity that are error functions in such a way that

(Y oy =(AU2)erf{o(y = yov)/(x —x)} + Ue (26)

where subscript N =1 and M correspond to the node in the x-direction at inflow and outflow,
respectively, j corresponds to the node in the y-direction, AU =Uy — UL is the velocity
difference across the layer, Uy and Up are the velocities of the high-speed side and the low-
speed side, respectively, y,, is the ordinate of the centreline, x, is the virtual origin, ¢ is
the spreading parameter and U, =(Uy + UL )/2 is the average velocity. In addition in order
to simulate the Kelvin—Helmholtz instability mechanism, the profile may be augmented by
a perturbation based on linear stability analysis [30]. Another approach that does not rely
on stability analysis may be used as discussed in Inoue [16]. In vortex method, the Kelvin—
Helmbholtz instability may be simulated by moving vertically the vortex closest to the edge
of the splitter plate by a small distance (perturbation) given by a sinusoidal function of time
operating at the fundamental frequency (/) of the unforced mixing layer as

y(t)=Ax sin(2n ft) (27)

where 4 =0.5U.At is the amplitude and x represents a small percentage of 4 (x =3.0% in
this study). The fundamental frequency f is calculated using f0;/(2U,)~0.02 [31] where 0;
is the momentum thickness at the beginning of the region of linear growth. The factor 4 has
been used by Inoue [16] where a forced mixing layer was investigated. In this study the small
value of x =3.0% introduced ensures that the mixing layer is in the unforced mode.

Also rather than specifying an error function as the outflow boundary condition, i.e. Equa-
tion (26), the convective outflow boundary condition was considered. Comparison of the
results of momemtum thickness obtained using Equation (26) at outflow with the ones ob-
tained using the convective outflow boundary condition, i.e. without Equation (26), showed
no significant difference up to x/H ~0.25 cm, after which the momentum thickness growth
rate is faster without Equation (26). The error function outflow boundary condition has been
adopted because it constrains the growth rate of the momentum thickness, and yields a slope
for the linear growth region in close agreement with the experiment [15].
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LARGE EDDY SIMULATION 847

Furthermore, slip conditions are assumed for the top and bottom boundaries. The Dirichlet
condition is used for the bottom boundary at y =1, consistent with );o=0 at y=0, as

Y=l (28)

and for the top boundary

Vin=ULYyp + Ua(in — Ysp) (29)

where )y, is the splitter plate y location and N corresponds to the nodes at the top boundary.

Initially, the velocity discontinuity across the splitter plate is simulated using a vortex sheet,
discretized into a row of point vortices as shown in Figure 1. At time ¢ =0, the point vortices
are equidistant, and separated by a distance d = H/N,, where N, is the number of vortices
and H=0,M is the computational domain length. The vortex closest to the edge of the
splitter plate is moved vertically using Equation (27) to initialize the Helmholtz instability.
The unfiltered total circulation in the computational domain is H(Uy — UL). The circulation is
equally distributed among the N, vortices as I; = H(Uy — UL)/N, =d(Uy — Uy). Furthermore,
if at the end of each time step At, defined as the characteristic time At=d/U., a vortex with
circulation I; is introduced at the trailing edge of the splitter plate, the vorticity generation
rate is I;/At=(Uy — UL)U, and therefore the Kutta condition is satisfied. The oldest vortex,
i.e. the vortex with the largest residence time, is discarded from the calculations when a new
vortex is introduced at the edge of the splitter plate. Furthermore, the vortices can move
freely in and out through the outflow boundary to avoid the collection of vortices at the end
of the computational domain. The motion of the vortices outside the computational domain
is assumed to be governed by the velocity at the outflow boundary.

In the LES, the initial circulation of the vortices should be filtered. However approximating
the vorticity field using Equation (20) corresponds to filtering the circulation of each vortex
I; using the smoothing function {(x—x;) [1,9]. As noted earlier, in vortex method, smoothing
or filtering has been used in order to remove the singularity in Biot-Savard law. Therefore the
vorticity field given by Equation (20) is interpreted as the filtered vorticity field used in LES.
Two questions remain to be addressed, the correspondence between the smoothing function
and the LES filter shape and between the core size used in the smoothing function and the
filter size A. Regarding the former issue, it is noted that for the Smagorinsky model no filter
shape is invoked explicitly, therefore the smoothing function could be any of the ones used
in VIC, such as area-weighing scheme or the M, scheme. Regarding the latter issue, the filter
size is proportional to the core size since both are proportional to the grid size (the core
size = grid size in VIC).

5. SOLUTION PROCEDURE FOR DIFFUSION-VELOCITY METHOD
The solution procedure to solve the velocity and vorticity fields consists in the following
steps:

(a) Initializing by placing the equidistant vortices at the level of the splitter plate and
by assuming arbitrary values for s at the internal nodes together with the boundary
conditions [Equations (26)—(29)].
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(b) Distributing the vorticity from the vortex particles to the nodes using the interpolation
scheme [Equations (20) and (21a-b)].

(c) Solving the Poisson’s equation [Equation (12)], using a Gauss—Seidel iteration with a
left-to-right sweep of the nodes and bottom-to-top sweep of the lines. Iteration con-
vergence is obtained when the percent difference between consecutive ¥ is less than
0.001%.

(d) Computing the velocities u# and v at the nodes using Equation (11).

(e) Calculating the velocities at the location of each vortex (u,,v,) using the interpolation
scheme [Equations (22a-b)].

(f) Updating the co-ordinates of the vortices using Equations (24a—b).

(g) Computing the SGS eddy viscosity using Equation (16).

(h) Computing the diffusion-velocity at the nodes (—(v + v7)/®,0®./0x, —(v + vr)/®,00./
0y).

(1) Calculating the diffusion-velocity at the location of each vortex using the interpola-
tion scheme [Equations (22a-b)] where (u,,v,) are replaced by (—(v + vr)/®.0@®./0x,
—(v+vr)/0.00./0y).

(j) Updating the co-ordinates of the vortices using Equations (24a-b).

(k) Introducing a new vortex at the edge of the splitter plate, and discarding the oldest
one.

(1) Marching in time by repeating the calculations from step b to k.

The first and second derivatives are calculated using fourth-order central difference formulas.

6. FLOW FIELD RESULTS

Several numerical experiments were conducted to validate the method. The diffusion-velocity
method simulating molecular diffusion without SGS model, in conjunction with the vortex-
in-cell method has not yet been presented in previous literature. Therefore the method will
be first validated by comparing with the experimental mixing layer data of Masutani and
Bowman [22] (MB), because the two-dimensionality of the flow was carefully maintained
and verified, and also by comparing with a numerical experiment where molecular diffusion
is simulated using random walk. Results obtained using the area-weighing scheme and the
M} scheme are compared. Then LES results based on the diffusion-velocity method and the
Smagorinsky subgrid scale model were obtained. Several flow characteristics are reported and
compared, vorticity contours, mean velocity profiles, root-mean-square (rms) longitudinal and
lateral velocity fluctuations, Reynolds shear stress, and rms vorticity fluctuations.

6.1. Flow and numerical parameters

The velocity ratio is » = Uy /Uy = 0.5 (ratio of the lower velocity side of the splitter plate to
the higher velocity side) with the free stream velocity above the splitter plate Uy =600 cm/s
and below the splitter plate Up =300 cm/s, similar to the parameters used in the experiment
of MB. The spreading rate is ¢ =35 for »=0.5 [32]. The ordinate yy, =33 cm corresponds
to the edge of the splitter plate in Figure 1. For the boundary condition [Equation (26)], the
ordinate yoy = Yy at inflow and y,, =32cm at outflow. The reported results are for a viscous
flow condition with v=14.5 x 1072 cm?/s (the kinematic viscosity of air at 18°C).
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The computational domain for the base run consists in a 256 x 256 anisotropic grid with
equidistant grid, 6, =0.5cm and J, =0.25 cm. The aspect ratio a,, = 6,/6, =2.0 is consistent
with a,, =2.0 used by Deardoff [33] and a,, =3.7 used by Shumann [34] in LES of channel
flow. Also Kaltenbach [35] has reported that the representation of shear flows is most econom-
ical when anisotropic grid (i.e. a,, > 1) is used because it produces adequate values for ratios
of Reynolds stresses. Also a numerical experiment using an isotropic grid, 6, =d, =0.25 cm
with 512 x 256 grid, and using the same computational domain size as the base run, is re-
ported. The area-weighting scheme was used in the base run. For all LES, the filter sizes are
set to twice the grid size in each direction, i.e. A, =20, and A, =24,.

At the level of the splitter plate, the shear layer is discretized into a layer of N, =10240
equidistant vortex particles. Therefore, the circulation of each vortex is I} =37.5 x 107> m?/s,
and the time step At=d/U.=27.7x107%s. N, =10240 means that there are 40 vortices
(40=10240/256) in one grid. Sensitivity of the results to the number of vortices was tested
on the base run using N, =2560, i.e. 10 vortices per grid. No significant difference between
N, =10240 and N, =2560 was found. In this study, the number of vortices is N, =10240
for all the reported runs.

The flow is allowed to develop for two residence times (i.e. 2M time-steps) before the
statistical calculations are started. Then the mean flow is obtained using time-averaging over
the next nine residence times, and the rms velocity fluctuations, the negative cross-stream
correlation and the rms vorticity fluctuations are calculated using time-averaging over the
next twenty five residence time. The numerical experiments are conducted on a DEC Alpha.

6.2. Diffusion-velocity method without SGS

The streamwise mean velocity normalized as (U — UL )/(Uy — Up) is shown in Figure 2(a) as
a function of the similarity variable 1, =(y — yo)/(x —x,) at four downstream locations, where
U is the streamwise mean velocity, yy is the ordinate of the velocity centreline at location x,
the virtual origin defined as the x-location at the intersection of the velocity centreline with the
horizontal line at the level of the splitter plate is 4.01 cm for all the runs with the diffusion-
velocity method. Figure 2(a) shows that the agreement with the experiment of MB [22]
(dark symbols) is adequate. The results of the numerical simulation are presented in the
self-preserving region, which is from x =20-70 cm, i.e. 0.16 <x/H <0.6. The self-preserving
region corresponds to the region of linear growth of the momemtum thickness. Figure 9(b)
shows the momentum thickness 0 as a function of x/H for several cases. For the case without
SGS (symbol A), a region with a nearly linear growth is identified between 0.16 <x/H < 0.6,
where the slope is equal to about 0.0155. This value is close to the experimental value 0.0165
of MB.

The rms longitudinal (rmsu’) and lateral (rmsv’) velocity fluctuations normalized with AU
are shown in Figures 2(b) and 2(c), respectively, and the Reynolds shear stress (—u'v’)
normalized with AU? is shown in Figure 2(d). Self-preserving profiles are obtained for
0.16 < x/H < 0.6. The rmsu’ is shown together with the data from the MB. The values for the
rmsu’ in the simulation slightly increase along the streamwise direction whereas it decreases
in the experimental data. Similar behaviour is found in the numerical work of Ghoniem and
Heidarinejad [17], who argued that the experimental trend is caused by dissipation due to
molecular diffusion. The rmsv’ is consistent with previous 2D simulation [15-17]. The data
for (—u/v")/AU? are not reported in MB. However the peak values (—u/v')/AU?=0.012 in
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Figure 2. Normalized profiles at four downstream locations for case without SGS: (a) mean streamwise

velocity, (b) rms longitudinal velocity fluctuations, (¢) rms lateral velocity flucations, (d) negative

cross-stream correlation. The mesh lines connecting the open symbols show the predicted profiles; the
dark symbols correspond to the data from the experiment of MB.

Figure 2(d) is comparable with the peak of 0.013 obtained in the experiment of Oster and
Wygnanski [31] for a velocity ratio of »=0.6, which is slightly different than the value of
r=0.5 used in the present simulation.

Furthermore it is necessary to verify the sensitivity of the results to aspect ratio because
results from LES are function of aspect ratios [35], particularly if they exhibit inhomogeneities
of mean quantities as the mixing layer considered in this study where rmsu’/rmsv’ ~ 0.82. Fig-
ures 3(a)—3(d) show that rmsu’/AU,rmsv'/AU, —u'v'/AU?, and rmsw’, respectively, are quite
insensitive to aspect ratios tested. The rms vorticity fluctuations (rms®’) has been reported in
Figure 3(d) because the effect of LES on this quantity will be discussed in Section 6.5.

Figures 4(a)—4(d) show the rmsu’/AU,rmsv'/AU, —u'v'/AU?, and rmse’ profiles for both
the area-weighting scheme and the M, scheme. The peak of the rmsu’/AU is slightly lowered
when the M) scheme is used, whereas the peak of the —u/v//AU? is slightly higher as
shown in Figures 6(b) and 6(d), respectively. The agreement between the profiles of the two
schemes for the mean in Figure 6(a) and rmsv’/AU in Figure 6(c) is closer than rmsu’/AU
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Figure 3. Sensitivity to aspect ratios (a) rms longitudinal velocity fluctuations, (b) rms lateral
velocity fluctuations, (c) negative cross-stream correlation, and (d) rms velocity fluctuations
for case without SGS at x/H = 0.6.

and —u'v//AU? profiles. However the figures suggest that the sensitivity of the profiles to
the smoothing function is quite small probably because the number of vortex particles used
is high. Therefore the M, scheme was not used in evaluating the diffusion-velocity method
with SGS model in the interest of reducing the computational time. The computational time
is reduced by about 10% when the area-weighting scheme is used in comparison with the A}
scheme. The test using the M, scheme was conducted with a view that a better representation
of vorticity on the nodes would improve the calculations of the diffusion-velocity. However
from a practical point of view and for the mixing layer tested, the area-weighting scheme is

adequate for the qualitative assessment of the diffusion-velocity method and will be used in
remaining numerical experiments.

6.3. Comparison of diffusion-velocity method with random walk

The results of the diffusion-velocity method simulating the diffusion term is further validated
by comparing with the results obtained using random walk. The virtual origin x, =2.55 cm
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Figure 4. Comparison of are weighting scheme with M, scheme using diffusion velocity method without

SGS model at two downstream locations; (a) streamwise mean velocity, (b) rms longitudinal velocity

fluctuations, (c) rms lateral velocity fluctuations; (d) negative cross-stream correlation. Dark symbols,
M, scheme; open symbols, arca-weighting scheme.

when random walk is used. Figures 5(a)-5(d) show (U — Up)/(Uyg — Ur), rmsu’/AU, rmsv’/
AU, and —u'v//AU?, respectively, at two downstream locations, x/H =0.5 and 0.6. The
difference in profiles due to the different methods is quite small. This difference is attributed
to the different numerical errors in the two methods. No further elaboration is made in this
study. The agreement between the profiles of the two methods provides further validation that
the diffusion-velocity method is adequate.

6.4. LES run

Figures 6(a)-6(d) show (U — Up)/(Uy — UL),rmsu’/AU,rmsv//AU, and —u'v'/AU?, respec-
tively, for LES with Smagorinsky SGS model and C; =0.12. The mean in Figure 6(a) indicates
adequate self-similar profiles at four downstream locations between 0.16 <x/H <0.6. This is
consistent with nearly linear development of momemtum thickness in Figure 9(b) (symbol [J).
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Figure 5. Comparison of diffusion velocity method with random walk at two downstream

locations; (a) streamwise mean velocity, (b) rms longitudinal velocity fluctuations, (c) rms

lateral velocity fluctuations; (d) negative cross-stream correlation. Dark symbols, random
walk; open symbols, diffusion velocity method.

The tmsu’/AU,rmsv'/AU, and —u'v//AU? also show adequate similarity. However, the
Reynolds shear stress —u/v//AU? in Figure 6(d) shows better similarity, similar to the mean
in Figure 6(a). This is compatible with the fact that —u'v’ is linked to the mean flow by
the mean momemtum equation and the self-similarity of the mean in Figure 6(a) is as good
as —u'v//AU?. It is noted that the profiles in Figures 6(a)—6(d) are not fully self-similar.
This is consistent with the investigation of [27], who conducted LES based on the filtered
Navier—Stokes equations and where tests using six non-dynamic and dynamic SGS models
showed that the profiles are not fully self-similar.

6.5. Comparison of LES runs with run without SGS

Comparison between four runs is made: without SGS, Smagorinsky SGS using C,=0.12,
Smagorinsky SGS using C; =0.18, and Smagorinsky SGS with C,=0.12 using an isotropic
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Figure 6. Normalized velocity profiles at four downstream locations for case with Smagorinsky SGS
(Cr = 0.12): (a) streamwise mean velocity, (b) rms longitudinal velocity fluctuations, (c¢) rms lateral
velocity fluctuations, (d) negative cross-stream correlation.

grid. The first three runs are conducted on an anisotropic grid. The case with Smagorinsky SGS
using C; =0.18 is more dissipative than the case with C; =0.12 and therefore was chosen to
verify whether the diffusion-velocity method predict the dissipative effect of SGS model. The
isotropic case has finer grid in the x-direction only and generates a lower eddy viscosity from
SGS model. It is compared with the anisotropic case, with a view to verify whether a lower
eddy viscosity leads to less dissipation and therefore validate further the dissipative nature of
the diffusion-velocity method when used in conjunction with a SGS model. Figures 7(a)-7(c)
show the downstream evolution of the spanwise vorticity contours for the three cases with
same anisotropic grid. The contours spread in the free stream as they develop from the edge
of the splitter plate. The maximum contour level decreases as SGS model is applied consistent
with its dissipative nature (see legend). It is 1800 for the case without SGS in Figure 7(a),
1500 for the case with Smagorinsky using C; =0.12 in Figure 7(b), and 1200 using C; =0.18
in Figure 7(c). Close up of selected downstream location are shown in Figures 8(a)—8(c)
which are drawn using identical scale. Figure 8(a) without SGS indicates that the contour
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Figure 7. Vorticity contours for cases (a) without SGS, (b) with Smagorinsky SGS using C. = 0.12,
(c) with Smagorinsky SGS using C, = 0.18. Contour level increment is 100.

peaks at 800, whereas it drops to 400 and 200 when the SGS with C;=0.12 and 0.18 are
used, respectively. The contour levels are further apart when SGS model is used. Therefore, in
the context of the diffusion-velocity method, the SGS model is dissipative because it decreases
the contour peaks and yields coarser contour lines.
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SGS (Cr = 0.12); (¢) Smagorinsky SGS (C, = 0.18). Contours level increment is 100.

The profiles of the various statistics are shown in Figures 9(a) and 10(a)-10(d) at down-
stream location x/H =0.6 for the three cases discussed in the previous paragraph and the
additional case with isotropic grid. For the anisotropic cases, the mean in Figure 9(a) indi-
cates that SGS model has a slight effect. This effect is clarified by the trend of momemtum
thickness in Figure 9(b). The momemtum thickness growth is slightly slowed down as the
dissipative effect of SGS is increased or equivalently as the eddy viscosity from SGS model is
increased (see peak vz /v for anisotropic cases in Table I). Comparison of the isotropic case
(symbol o) with the anisotropic case (symbol [1) indicates that the growth of the momemtum
thickness is faster for the isotropic case because of lower eddy viscosity (see peak vz /v in
Table I).

Figures 10(a)—10(b) shows that the peaks and the profiles of rmsu’/AU and rmsv//AU are
lowered as the effect of SGS is increased by increasing eddy viscosity. The quantity rmse’ in
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Figure 9. Effect of Subgrid Scale on (a) streamwise mean velocity at x/H = 0.6; (b) downstream
evolution of momemtum thickness.

Figure 10(d) is lowered as the effect of SGS is increased, consistent with the lower contour
level peaks in Figures 7(a)-7(c) and 8(a)-8(c). The Reynolds shear stress —u'v//AU? is
less affected by SGS, consistent with being linked to the mean in Figure 9(a) by the mean
momemtum equation and the mean flow is slightly affected by SGS. Furthermore, Table I
shows that the ratio rmsu’/rmsv’ for LES with anisotropic grid is closer to the cases without
SGS than the LES with isotropic grid. This is one of the justification for using an anisotropic
grid in LES [35]. Furthermore in Figure 10(a), the peak value and the profile trend of the
rmsu’/AU without SGS agree well with the experimental data of MB at one location x =6cm
as shown in Figure 2(b), whereas the peak value and the profile trend of the rmsu’/AU with
SGS and C; =0.18 agree well with the experimental data of MB at three downstream locations
x=13, 16 and 19cm as can be inferred by comparing Figure 10(a) with Figure 2(b). However,
direct comparison between the unfiltered experimental data of MB and the LES results (filtered
results) is unwarranted. Therefore comparison between LES results and experiment of MB
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Figure 10. Effect of constant in SGS model and grid on (a) rms longitudinal velocity
fluctuations, (b) rms lateral velocity fluctuations, (c) negative cross-stream correlation,
(d) rms vorticity fluctuations at x/H = 0.6.

Table I. Effect of SGS and grid on instantaneous peak vry/v and rmsu’/rmsv’ at x/H = 0.6.

Peak vr/v
C Grid of last time-step rmsu’ /rmsv’
0 (without SGS) isotropic (fine) 0 0.817
0 (without SGS) anisotropic (coarse), A 0 0.817
0.12 anisotropic (coarse), [ 18 0.82
0.18 anisotropic (coarse), V 58 0.804
0.12 isotropic (fine), o 6 0.773

has been avoided. It should be noted that the experiment of MB has been chosen in this study
because the two-dimensionality of the flow was carefully maintained and verified and also to
compare the present results with the simulation [17] who predicted the experiment of MB as
discussed in Section 6.2.
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7. CONCLUDING REMARKS

An incompressible LES based on the diffusion-velocity method for the vorticity equation and
an eddy viscosity SGS model has been developed. In the context of the vortex method,
the SGS terms in the vorticity equation produce convection of vortex particles governed by
the diffusion-velocity. The two-dimensional vortex-in-cell in conjunction with the Smagorinsky
SGS model has been used to calculate the flow field. The technique has been used to calculate
the flow characteristics of spatially developing mixing layer. The diffusion-velocity requires
one constraint, i.e. nullifying it in regions of small vorticity and non-zero vorticity gradient.

The results by the diffusion-velocity method are in reasonable agreement with those of the
random walk, a fundamentally different approach, when the SGS model is not used. The self-
similarity of the mean streamwise velocity, rms velocity fluctuations and Reynolds shear stress
profiles is consistent with previous numerical simulation when the SGS model is used. The
dissipative effect of the SGS model produced by the diffusion-velocity was demonstrated by
the slower momemtum thickness development, lower contour values and cross-stream profiles
for spanwise vorticity, lower cross-stream profiles for rms longitudinal and lateral velocity
fluctuations as the eddy viscosity from SGS model is increased. The effect of anisotropic and
isotropic computational grid is in agreement with previous numerical simulations. In future
studies, the diffusion-velocity method in conjunction with eddy viscosity based SGS models
will be extended to three-dimensional calculations together with DNS calculations.
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